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Radial flow takes place in a heterogeneous porous formation of random and stationary
log-conductivity Y (x), characterized by the mean (Y ), the variance ¢% and the two-
point autocorrelation py which in turn has finite and different horizontal and vertical
integral scales, I and I, respectively. The steady flow is driven by a head difference
between a fully penetrating well and an outer boundary, the mean velocity U being
radial. A tracer is injected for a short time through the well envelope and the thin
plume spreads due to advection by the random velocity field and to pore-scale
dispersion. Transport is characterized by the mean front r = R(t) and by the second
spatial moment of the plume S,,. Under ergodic conditions, i.e. for a well length much
larger than the vertical integral scale, S,, is equal to the radial fluid trajectory variance
X

The aim of the study is to determine X,.(t) for a given heterogeneous structure
and for given pore-scale dispersivities. The problem is more complex than the similar
one for mean uniform flow. To simplify it, the well is replaced by a line source, the
domain is assumed to be infinite and a first-order approximation in ¢ is adopted. The
solution is still difficult, being expressed with the aid of a few quadratures. It is found,
however, that it can be derived quite accurately for a sufficiently small anisotropy
ratio e = I,/I by retaining only one term of the velocity two-point covariance. This
major simplification leads to simple calculations and even to analytical solutions in
the absence of pore-scale dispersion.

To compare the results with those prevailing in homogeneous media, apparent and
equivalent macrodispersivities are defined for convenience.

The major difference between transport in radial and uniform flow is that the
asymptotic, large-time, apparent macrodispersivity in the former is smaller by a
factor of 3 than in the latter. For a three-dimensional point source the reduction is by
a factor of 5. This effect is explained by the rapid change of the mean velocity during
the period in which the velocities of two particles injected at the source become
uncorrelated.

In contrast, the equivalent macrodispersivity tends to its value in uniform flow far
from the well, where the flow is slowly varying in space.

1. Introduction

We consider transport of a plume of an inert solute by water flowing through
natural, large-scale, porous formations (aquifer, reservoir). Such formations are as a
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rule heterogeneous, their hydraulic conductivity K varying in space in an irregular
manner and by orders of magnitude. This spatial variability causes enhanced spreading
of solutes, with ‘macrodispersion’ coefficients much larger than those associated with
pore-scale heterogeneity.

Following the common approach, we regard K(x) as a RSF (random space func-
tion), to account for its erratic variation and uncertainty. As a result, the flow and
transport variables are RSF as well. Modelling of transport is carried out in two
steps: first, solving the flow equations and deriving the fluid velocity statistical mo-
ments; subsequently, the transport equation is solved in order to determine the solute
concentration C(x,t) of a moving plume. The concentration field can be characterized
locally in terms of the statistical moments of C: the ensemble mean (C), the variance
o2, and higher moments. Alternatively, the plume may be characterized globally with
the aid of spatial or temporal moments. For the sake of simplicity, we focus the
present study on characterization by spatial moments.

In the past, considerable effort has been invested in solving transport under condi-
tions of uniform mean flow (see e.g. Dagan 1989), that pertains to natural gradient
flows, and mathematical models of transport have been developed. Thus, the average
Darcy’s law was shown to have a local structure with effective properties depending
only on the medium structure, and second moments of flow variables have been
derived in many cases of interest. Transport has been investigated experimentally by
carefully conducted field tests, by computer simulations and theoretically by adopting
approximations that led to simple, analytical solutions. The theoretical approach and
a few relevant results are reviewed in §3.

There are important applications, however, in which the mean flow varies rapidly
in space. We refer to wells that inject or pump water carrying a solute. Such problems
arise for instance in injection of contaminants, in protection zones of pumping wells,
in remediation schemes etc.

Non-uniform flows in heterogeneous media have been studied to a much lesser
extent than the uniform ones (Shvidler 1966, 1985; Dagan 1982; Adams & Gelhar
1992; Desbarats 1992; Neuman & Orr 1993; Indelman & Abramovich 1994; Indelman
1996). It was shown that the constitutive equation (average Darcy’s law) for non-
uniform flow has a non-local structure and the effective conductivity is given by a
convolution operator over the space. The approach developed in these studies allows
statistical moments of flow variables to be derived. Thus, a few such moments were
investigated by Indelman, Fiori & Dagan (1996) and Fiori, Indelman & Dagan (1998)
and their results serve as background for the present study.

The problem here is to determine the spreading pattern of the solute, as affected by
the random variation of K(x). Field studies (Molz et al. 1986; Yeh et al. 1995) have
demonstrated that the permeability spatial variability is indeed the dominating factor
in solute dispersion. In spite of its importance, to the best of our knowledge there are
no theoretical investigations of this topic in the literature, which deal exclusively with
the effect of pore-scale dispersion, pertaining to homogeneous media (see e.g. Gelhar
& Collins 1971; Dagan 1971; Chen 1987; Hsiech 1986; Valocchi 1986). This state of
affairs is understandable in view of the complexity of the problem, of the numerical
difficulties and of the fact that even the simpler case of transport in uniform flow has
been investigated only recently.

The objective of the present study is to investigate advective transport for steady
and diverging radial flow, pertaining to injecting wells. We derive approximate, simple,
solutions that may help in understanding this important class of processes and may
also serve for analysing field tests, for prediction purposes and for validating numerical
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codes. We also hope that the methodology developed here may prove useful for solving
similar problems in other branches of environmental fluid mechanics.

The plan of the paper is as follows. After stating the general mathematical problem
in §2, we review briefly transport in uniform flow in §3, with emphasis on results
relevant to radial flow. Subsequently, in §4, we introduce the various approximations
that lead to a simple solution of transport in radial flow and conclude with a few
applications in §5.

2. Mathematical statement of the flow and transport problems
2.1. General

A porous formation lies in a domain Q, of boundary 0Q2. The equations of flow are
Darcy’s law and the continuity equation

q=—KVH, V-4g=0 (1)

where ¢ is the specific discharge and H is the pressure head. With x(x{,x2,x3) a

Cartesian coordinate, K (x) is modelled as a stationary RSF characterized by the sta-

tistical moments of Y = InK. Thus, (Y) =InKs and Cy(x',x") = (Y'(x') Y'(x")) =

0% py(x' —x"), where Y’ =Y — (Y) is the fluctuation. The geometric mean K, the

variance o7 and the autocorrelation py are assumed to be given. If the usual assump-

tion of log-normality is adopted, these moments define completely the structure.
Elimination of ¢ in (1) leads to

VCGH+VY :VH=0 (xeQ) (2)

which has to be solved with boundary conditions of given H or ¢, assumed time
independent, on 02Q2.

Once (2) is solved, the velocity field of the steady flow is given by V(x) = —¢/n =
K E/n, where n = const is the porosity and the notation £ = —VH is adopted for
brevity. The velocity V serves as input to the transport problem, which is stated next.

The concentration C is defined as mass of tracer per volume of fluid. Then the
transport equation is as follows:

oC
ﬁ—I-V'VC:V-(Dd-VC) (xeQ), (3)
C(x,00=Co (xe€ V), C(x0=0 (x¢&Vy),
where D, is the pore-scale dispersion tensor. The initial condition in (3) is of in-
stantaneous injection of given C, in a volume V. We follow here the Lagrangian
approach in solving the transport problem (see e.g. Dagan 1989). The solution of (3)
is expressed with the aid of the trajectories x = X,(t;a) = X(t;a) + X 4(t), solutions of
dX dX,
= V(X 4
dt VX, dt
In (4) w, stands for a Wiener process, representing the velocity field associated with
a Brownian motion type of transport, such that (w,;) = 0 and formally (wg(t')wa;(t +
t')) = 2Dg;0(t). It follows that the displacement X, is stationary and normal, with
(X4) = 0 and with covariance X ;;(t).
The solution of (3) can be written conveniently in the form

C(x,t) = /V Co(a)d[x — X,(t;a)] da. (5)

=wi(1), XO0)=a, X4 0)=0 (ae V). (4)
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Equation (5) may constitute the starting point for a numerical particle tracking
solution. Indeed, with dMy = n Cyda regarded as the mass of a material point in ¥
and dM = n [ Cdx its mass at time ¢, (5) states that the particle moves at X,, with
conservation of mass (dMy = dM).

Equation (5) may serve for computing the local moments (C), 62, ... or the plume
spatial or temporal moments in terms of the statistics of X,. For the sake of simplicity
we choose the characterization by the spatial moments that are defined as follows:

M = /nCdx, R(t) = Al/I/nxCdx,

X (6)
Sij(t) = — /I’l(x,‘ — Rt) (Xj — RJ)C dx,
M
where R is the plume centroid and S;; (i, j = 1,2,3) are its second spatial moments.
We here limit the study to large V) at the heterogeneity scale, permitting us to adopt
the ergodic hypothesis with regard to the random variables (6), i.e. to exchange them
with their ensemble mean. Then substituting (5) in (6) and averaging yields

R~ (R) = /V (Cola) Xte:a) da
)

Sy~ (Sy) = =+ | (Col@) (X — R)(X,; — Ry)) da.
M Jy,

The advantage of characterizing the plume by the spatial moments (7) is that
they depend directly on the moments of the trajectories, which can be determined
in turn by robust approximations (see §2.2). Besides, they depend weakly on pore-
scale dispersion under the usual conditions of high Péclet number encountered in
applications (see e.g. Naff 1990; Fiori 1996).

The derivatives U = dR/dt and D;; = %dS,-j /dt define the plume mean velocity and
apparent ‘macrodispersion’ coefficients, respectively, whereas in conditions of mean
uniform flow o;; = D;;/U are ‘macrodispersivities’ (see discussion in §4.4).

Hence, solving the transport problem reduces to determining the moments of the
trajectories (4), given the log-conductivity structure, the pore-scale dispersion tensor
and head boundary conditions. An approximate procedure to achieve this goal is
discussed next.

2.2. First-order approximation

Both flow and transport problems are difficult to solve exactly. Numerical methods
and Monte Carlo simulations have been used in the past (see § 3), but they are affected
by numerical errors and are computer demanding.

Approximate, simple, results were obtained in the past by adopting a first-order
approximation in ¢% (see e.g. Dagan 1989). Thus the head field is expanded in an
asymptotic sequence H = H® + HY + ... with H? = 0(1), HY = O(oy),... and
similarly E = —VH. Substituting in (2) and expanding yields

VHO =0, V*H" =vY -EY. (8)

Furthermore, H'® satisfies the head boundary conditions on 0Q, whereas H'" obeys
homogeneous ones. Thus, H? is the solution of the flow problem in a homogeneous
formation, whereas H) satisfies a Poisson equation with a random forcing term
depending on E® = —VH© and the same is true for higher-order terms.
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The velocity field has the expansion

1 1 ,
V(x)=-KE=-Kge" (E”+E" +--)
n n

1
=~ K (E9+Y'EQ+ EY)+ 0(c}). 9)
With V = U + u, where U = (V), we get from (9) at first order
v="cpo O(oy), u= &(Y’E(O’ + EY) + 0(c}). (10)
n n

This leads to the following expressions for the velocity two-point covariances:
K 2
uy(x', x") = (i) [E”(x) E)(x") Cy (x',x") + E{"(x') Cpy (x, X')

+E;~0)(x”)CEiY(x/, x//) + CE’Ej(x/, x//)] (11)

where Cpy(x,x") = <Y’(x”)E§1)(x’)> and Cgg (x,x") = (Ef”(x’)E}”(x”)) and ne-
glected terms in (11) are O(c} ). Thus, the velocity mean and covariance are expressed
in terms of those of the zero- and first-order approximations of the head gradient.

Finally, after expanding X, = (X) + X' + X, in the argument of ¥V = U +u in (4),
the trajectories satisfy at leading order the equations

d{X,) d(X) dx’ ,0U(X) + Xa)
dt - dt - U(<X>)a dr _”(<X>+Xd)+Xz 6<X,> .

We consider here media that are isotropic at the porescale such that we can write
Ddij = Dyr 5ij +(Dgr, — DdT)ViVj/VZa Dyr = ayrV, Dy = gLV, where Dyr, Dy,
and oy, 04, are transverse and longitudinal dispersion coefficients and dispersivities,
respectively, and V' is the velocity modulus. However, it is consistent with the first-
order approximation in g3 of (12) to replace ¥ by U in the expression for Dy;, i.e.
Dgyij = agr Udij +(oqr, — aqr)U;U;/U become deterministic and independent of the
velocity fluctuations.

Equations (12) permit one to derive the trajectory mean and variances in terms of
those of the velocity field (10),(11) and the pore-scale dispersive term X4, and then to
determine the spatial moments (7). The main simplification in (12) as compared to
(4) is that integration is carried out along the mean advective trajectory, somewhat
similar to the ‘frozen field’ approximation in turbulent transport.

The application of this approach to uniform mean flow is reviewed in §3, and its
extension to radial flow is presented in the remaining sections.

(12)

3. Review of transport in mean uniform flow

This case has been investigated in the past. The reason for reviewing it briefly
here is to demonstrate that the solution can be simplified considerably for formations
of highly anisotropic structures, in order to take advantage of this simplification in
solving the transport in radial flow.

3.1. Solution of the flow and transport problem

The procedure of §2.2 simplifies considerably in the case in which the boundary
condition is of uniform flow

H=—-J-x (x€09), (13)
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where J is a constant vector. This case has been investigated extensively in the past
(see e.g. Dagan 1989). It follows from (8) that H® = —J - x and E” = J whereas
HWY satisfies the Poisson equation V2 H; = —J + VY (x). As a result, (10), (11) yield at
leading order

U ZKGJ/Y!,

’ " KG ? ’ i ’ Z / " (14)
uj(x' —x") = o [JiJ; Cy(x' — x") + 2J; Cgy (x — x") + Cpp,(x — X7)],

i.e. the velocity field is stationary in an unbounded domain. Finally, from (12) one
gets for the trajectories

(X) = a+ Ut,
Xii(t) = (X{(t;a0) X'(t;a)
(1) (I(t),( ) (15)
_ / / (WU + X)) u;[U" + Xot")]) dr'dr".
o Jo
In this case, of mean uniform flow, and under the approximation mentioned above,
the pore-scale dispersion tensor has constant components. Without loss of generality

we assume the mean flow to be in the x;-direction and then the covariances of the
normal trajectories X, are given by the simple expressions

Xai1(t) = 204 R, Xaoo(t) = Xa33(t) = 2047 R, X4ij =0 (i # j), with R = Ut (16)

The relationships (15), (16) were employed in order to effectively derive the ve-
locity and trajectory covariances for a few particular, analytical, log-conductivity
covariances. Thus, py was assumed to be axisymmetric, of the form py(x) =
py [(x7 + x3)/1%,x3/I?] (Gelhar & Axness 1983), where x3 is a vertical coordinate.
In particular, the two common expressions adopted in the past were the exponential
and Gaussian ones
py(x)=exp{—[(x] + x3)*/I? + x3/I71'?}, py(x)=exp [-n(x] + x3)* /4I* —x3 /4],

(17)
where I and I, are the horizontal and vertical linear integrals scales, respectively,
defined by I = fow py(x1,0,0)dx; and I, = fompy(O, 0,x3)dx;. Under these simple
representations the various flow variables depend on the parameters K¢, 03,1, e =
I,/1, Pe = Ul /Dyt = 1/oyr and oyt /0. For sedimentary formations, the anisotropy
ratio e is as a rule smaller than unity. We restrict our work to the results pertinent to
the longitudinal X (¢) solely.

The computation of Xi;(t) can be carried out conveniently with the aid of the
Fourier transform of the velocity covariance in (15) and the general expression for
Xijj is given in terms of a few quadratures (e.g. Dagan 1987). Similar expressions were
obtained from a first-order approximation of the Eulerian transport equation by Naff
(1990). In both cases of py (17), and in fact for any py of finite integral scales and of
arbitrary e, the asymptotic limit of Xy; for R/I = Ut/I > 1 is given by X1 — 20, Ut,
where oy = D11/ U is the longitudinal ‘macrodispersivity’ depending generally on Pe,
e and the ratio oyr/oyr. Fiori (1996) has computed effectively Xii(t;e, Pe) for the
exponential py (17) and presented graphs of the asymptotic oy; (18) as function of
Pe, for different e < 1. A property of oy, that is of relevance for the present study,
following from Fiori (1996, figure 1), is that the longitudinal pore-scale dispersion has
a negligible effect upon «y; for Pe > 1. Since in the applications considered here we are
interested in transport of large Pe = I /a,r, we take oy, = 0 and this approximation
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FIGURE 1. Asymptotic longitudinal macrodispersivity oq; for mean uniform flow as function of
7 = (e?Pe)~! for a few values of the anisotropy ratio e. (Thin line complete solution by Fiori, 1996;
thick lines, approximation (20) for exponential and Gaussian covariances.)

becomes even more accurate for e < 1. In other words, the mixing effect of pore-scale
dispersion upon longitudinal trajectory fluctuations is manifested mainly through
transfer of solute across streamtubes. With this assumption the large-time (large
travel distance) limit of the trajectory variance is given by

X1 —201Ut, oy =031 fr(e,Pe) (Ut/I > 1). (18)

In the case of infinite Pe, i.e. with neglect of pore-scale dispersion, o;; = 31 and
fr =1 are independent of e altogether.

Another major simplification of o;; can be achieved for anisotropic formations of
e < 1. Thus, simplified relationships were obtained for the exponential py (17) by
Gelhar & Axness (1983) and Naff (1990), by an expansion of the complete expression
for oq; in a power series in e and retaining the leading-order term. However, they do not
compare the result of this approximation with the complete first-order approximation,
valid for any e and Pe or for py other than the exponential. A close examination of
the expression for oy shows that this small e approximation is obtained for any py by
retaining the first term of u; in (10), and the vertical pore-scale dispersion component
only in (15), i.e.

ui(x) = U Y'(x);

t t
X(t) = /0 w [UL,0, Xi5(1)] dt’=(2nl§3/2 /0 / Y'(k)e Ul —kXar@) g 4¢ (19)

U’o3 , " o
X0 = 0P = S5 [ [ [avme it darar ar.
20

1 dXL UO'Y ( )

=577 = _kzadTUt
LESUdr  (2n) 3/2/ //’Y (k)cos (ki Ut')e dkdt'.
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FIGURE 2. Trajectory variance X; for mean uniform flow as function of travel distance R/I = Ut/I
for a few values of the anisotropic ratio e, Gaussian py and infinite Pe. (Full lines, complete
solution; dotted line, approximation X (20).)

In (19) Y" is the log-conductivity fluctuation and the Fourier transform is defined
by f(k) = (2m)=3/2 [ f(x) exp (ik - x)dx, and advantage was taken of the stationarity
of Y. The notation X and ¢« stands for Xi; and oy; under the approximation (19).

While the complete solutions of X; and oy, depend on Pe =1/oyr and e =1,/1, it
was observed by Gelhar & Axness (1983) and Naff (1990) that the simplified solution
X1, o depends on the unique parameter y = (e*Pe)~! = oyrI /I2.

To assess the accuracy of this approximation, which is crucial for simplifying the
solution of transport in radial flow, we compare in figure 1 the complete large-time
asymptotic solution o;(Pe,e) (18), (14), (15) derived by Fiori (1996, figure 1) for the
exponential py and oy (y) of (20). It is emphasized that for applications of interest in
contaminant transport through aquifers, generally y < 1.

Examination of figure 1 shows that oy (20) is an accurate approximation of oy for
e < 0.2 and for y < 1. For infinite Pe, more precisely for y < 0.01, «y; is independent
of e and it reaches the value a;; = oy = 31 (e.g. Gelhar & Axness 1983). It is also
seen from figure 1 that the asymptotic oy for the two py (the exponential and the
Gaussian, (17)), differ very little.

As a matter of fact, the approximation (20) simplifies the computation of X (t) and
of ar(t) = (1/U) dX/dt for any t. In figure 2 we compare the approximate X (R)
(20) with the trajectory longitudinal variance derived by the complete expression for
infinite Pe (see figure 4.6.1 of Dagan 1989 and the analytical result for isotropic media
in Dagan 1984). It is seen that (20) provides an accurate result in this case at any
R = Ut, and not only for large R/I (figure 1).

Finally, Monte Carlo numerical simulations of two-dimensional flow (Bellin, Sa-
landin & Rinaldo 1992) and the recent ones of three-dimensional flow (Chin 1997)
have demonstrated that the first-order approximation of Xi; is accurate for oy as
large as 1.5. It seems that this unexpected robustness stems from mutual cancellation
of the flow and trajectory higher-order terms.
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3.2. Spatial moments of a solute plume

The case mostly analysed in the past was of a plume of constant initial concentration
Cy injected instantaneous in a finite volume V,. Without loss of generality we shall
consider an area Ay in the vertical plane x; = 0 and a thin initial plume, of infinitesimal
thickness Aa; normal to Ay. With py = nCyAay, the density of solute per unit injection
area, the concentration (5) now becomes C = pj | 4o o[x — X,(t;a)] da and the spatial
moments (7) are given by the simple relationships

M = pody, Ri = (Xi(t;0,as,a3)) = Ut, Si1 = X11(t; Pe,e), (21)

where we have neglected the additional term X, = 20, Ut of S;; by virtue of
Pe> 1.

More recently Cvetkovic & Dagan (1994) have discussed the case of continuous
injection in time at constant Cy over the area Ay. Assuming that injection takes place
during an infinitesimal time At, the solution for C(5) is still valid if the volume Vj
is defined by Ay and by the variable and random dimension Aa; = V{(0,a,, as) At
normal to Ag. With the average density given by py = nCyUAt, the impact of the
exact random initial condition upon R; and S;; was found to be small (of higher
order in o3 than the first) and furthermore, the additional terms in (21) decay quickly
with the distance from the injection plane. Hence, the moments (21) are valid for
both modes of injection, instantaneous or continuous.

Summarizing this section, we have demonstrated that the simplified solution of the
spatial longitudinal moments, suggested by Gelhar & Axness (1983) and Naff (1990),
can be obtained from the approximate expressions of the velocity and trajectory
(19). Furthermore, we have shown that it leads to accurate asymptotic values of the
macro-dispersivity for finite Pe and for anisotropic formations of, say, e < 0.2 and
for the trajectory variance at any time for infinite Pe. These results are instrumental
in simplifying the problem of transport in radial flow.

4. Transport in radial flow
4.1. Solution of the flow problem

We consider flow from a fully penetrating well of radius r, through a formation of
thickness 2L;. With x; along the well axis, the planes x; = +L; are assumed to be
impervious, and the flow is driven by the difference between the constant head H,,
on the well surface 4y = 4nr, L; and the constant H; on an exterior boundary r = L.
Here, r = (x? + x3)!/? and 0 = tan~!(x,/x;) are radial coordinates in the horizontal
plane. Our aim is to derive the velocity covariances in the domain Q2 defined by
re <r < L, |x3] < Ls for an anisotropic axisymmetric structure of py (17).

This problem has been investigated by Indelman et al. (1996) and Fiori et al. (1998)
toward determining the equivalent conductivity, which is defined as that of a fictitious
homogeneous formation that conveys the same total discharge per unit length Q as
the actual one. We adopt the same simplifying assumptions:

(i) We solve at first order in o7 for the reasons discussed in the previous Sections.
Thus, the general equations (8)—(11) constitute our starting point.

(i1) The thickness L; — oo. This assumption is justified if L;/I, > 1, which is a
condition met in most applications. The solution is affected only in the neighbourhood
of the upper and lower boundaries. By the same token, this assumption ensures
ergodicity in the sense that ensemble averaging can be exchanged with space averaging
along vertical lines.
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(iii)) We let r, — 0 and replace the well by a singular line, which is justified if
re/I < 1, a condition which is again satisfied in most applications. The study of
Indelman et al. (1996) indicates that this is a valid approximation for r,, /I < 0.2.

(iv) The formation is assumed to be unbounded in the horizontal plane, i.e. L — oo,
which implies L/I > 1. In the process of taking the last two limits the discharge
0, which is proportional to (H, — Hr)/In(L/r,), is kept constant and the constant
boundary heads become immaterial as far as the velocity field is concerned.

Under these conditions the mean velocity is given by

Y

<I/)> =U= 2TU/IV’ <V9> = <V3> = 09 (22)

while in (8) HO(r) satisfies V2H”) = —(Q/K) §(r). Thus, the zero-order term of the
head gradient E is given by

U EY =EY =0. 23
r 2TCKG}” 0 3 ( )

In the same vein, HV (8) satisfies V2ZHY = E© 0Y’/dr. Since we are concerned
here with radial dispersion, we need to evaluate the velocity covariance along radii
(see §4.2) u.(+',1") = (u.(r', 0, x3) u.(r", 0, x3) ). By substituting this in (11) we obtain

(', ") = (Kg/n)’ [Cy (¢ = EQG)EQG") 4 Cr,y (¢, ¥ EQ(r)
+Cg y (¥, V”)E,{O)(’”H) + Crg,(r',r")] (24)

where Cy, Cry and Cpp are two-point covariances of Y and EV at 1,0, x; and
r", 0, x3, respectively. Owing to the axisymmetry of the mean flow, all these covariances
are independent of 6 and x;, but they are not stationary in ' and r”.

The main difficulty in evaluating u,, stems from the covariances in the last three
terms of (24) (Fiori et al. 1998). Their detailed expressions and their impact upon
transport are examined in Appendix A. In line with the approximation adopted for
uniform flow (figures 1 and 2) for sufficiently small e, we shall develop a similar
simplified solution for radial flow.

4.2. Solution of the transport problem

We consider a plume of constant Cy, injected through the well envelope Ay during
an infinitesimal time At. Similarly to the uniform flow case, the spatial moments can
be determined accurately for the equivalent case of an initial thin plume of radial
constant dimension Ary = nU(r,,) At surrounding the well (figure 3). With py = CyAry,
the concentration field (5) is given by

Cx,t)=py | O[x— X,(t;a)]da (25)
Ao
while the plume mass is M = pg Ao.

At time t the plume is advected outwards and is distorted due to heterogeneity
(figure 3). In analogy with the centroid of a plume in a mean uniform flow, we
define a front by R = (1/M) [ rCdx (figure 3). In a homogeneous medium R is the
location of the thin plume at time t. Assuming ergodic conditions we get from (25)
R(t) = (R) = (X,). From (12), (22) we obtain

dx,) 0 : ey [0\
& 2K}’ ie. R—(X,.>—(1m> , (26)
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FIGURE 3. Definition sketch for solute spreading by radial divergent flow (horizontal cross-section).

where we have taken R(0) equal to zero rather than r,, consistent with our approx-
imation of the well boundary condition. In a similar vein, the rate of spreading of
the plume around the front is characterized by S,,(¢) = (1/M) [(r — R)*Cdx leading
by (25) to S, (t) = (S,r) = X, + X4 It is emphasized that the effect of spreading
represented by X,, = (X/*(t)) is due entirely to the heterogeneous structure and it
vanishes for 7 = 0. In contrast, a finite plume undergoes an additional stretching
that occurs in a homogeneous medium as well due to the mean flow non-uniformity
(this effect is examined in Appendix B). For the high Pe of interest here, X, is small
in comparison with X, and is neglected hereafter.

The trajectory fluctuation is derived at first order from the general equation (12),
which now becomes

dx’ dU

dtr =u,(R,0, Xy3) + Xﬁla.

Since we limit the derivations to anisotropic formations of, say, e < 0.2, and in line

with the findings regarding mean uniform flow, we have maintained in (27) the effect

of transverse pore-scale dispersion in the vertical direction only. The variance of X3

is evaluated approximately, consistent with other approximations adopted here, by
regarding it as attached to the time-dependent mean flow at the front, i.e.

(27)

t
X33 = (X5(t)) = 207 / U(t)dt’ = 2ourR. (28)
0

Switching to R (26) rather than ¢ as independent variable and integrating in (27)
with X/ = 0 for R =0, yields the basic result

ur(ra 05 Xd3)

U2 dr,

R

X/(R) =U(R)
/0 (29)
u,,,,(r’, 0, ng (7‘,), I”N, 0, Xd3(l”//))

er(R) = <X;2(R)> = Uz(R)/O A Uz(r/)Uz(V”)

We are now in a position to characterize transport by spatial moments in radial
flow for any given py by deriving first the covariances Cgy(+',7") and Cgg, (r,7"),
then the velocity autocorrelation (24) and finally X,. (29). This is still a difficult task
because of the large number of quadratures involved and we shall further simplify
the procedure.

First, in order to illustrate the results, we have computed the expressions for Cg,y
and Cgg, appearing in (24) that are written explicitly in Appendix A (A4), (AS)

dr'dr”.
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FIGURE 4. Trajectory variance X,, for mean radial flow as function of travel distance of the mean
front for Gaussian correlation and infinite Pe. Full lines, complete solution (43), (A 9), (A 10) for
small e; dotted line, approximation X (43); dashed line, complete solution for isotropic media (43),

(A6), (A7)

for a Gaussian py (17). Subsequently, we split, for convenience of notation, X, (29)
into the three terms stemming from the corresponding three terms of u,. (24), ie.
X, = Xg +XEY + XEE, The first contribution, X, is similar to X; (19) for uniform
flow. Hence, by using the approximation u,(x’,x") ~ (Kg/ n)2 Cy(r' — r")EO")
EO®F") = 6% py(x' —x")U(r') U(r"), Xg can be written with the aid of (29) as

dr'dr”
uu@y

where averaging here is over the pore-scale dispersion random fluctuations Xys.

The results obtained for uniform flow (figure 2) suggest that Xx (30) may be an
accurate approximation of X,. (29) for sufficiently small e. We have checked in part
this assumption by carrying out in Appendix A the computation of the full expression
for X..(R) (29) for infinite Pe and for the Gaussian py and the result (30), (A 6) is
compared with Xy (dotted line) in figure 4. The dashed line in figure 4 represents
the complete expression for X,, for isotropic formation (requiring 6 quadratures),
whereas the continuous curves are valid for small anisotropy ratio e (expressions
(30), (A 9)) and imply 5 quadratures (Fiori et al. 1998). It is seen that for small e the
approximation Xy is very close to X,,.

Relying on these sets of results (figures 1, 2 and 4) we proceed with the analysis of
transport in radial flow based on the approximation (30).

R R
Xz(R) = 03 U(R) / / oy [F — 1,0, Xas() — Xan()]) (30)
0 0

4.3. Analysis of transport for X, ~ Xz
Applying the Fourier transform to (30) we get

() = GY(;];)(zR)/ / U(r/)U(r”) [/

x exp [—ik (r — (exp {—ik;[Xs3(r') — X3(r")]}) dkdr'dr”.  (31)
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Averaging over the pore-scale dispersion component X3 leads to
(exp {—iks[Xy3(r') — Xu3(r")]}) = exp (—kﬁow " —r")). (32)

Substitution of (32) in (31) and using the definitions of U(r) (22) and R(t) (26)
yields the general relationship

XulR) = 5 T / / [ 3vth exp i =)

—I3ogr ¥ — "] ¥ " dk dr' dr”. (33)

Equation (33) is the counterpart of X, (19) for uniform flow. We illustrate the
results for the exponential and Gaussian py separately.

(1) Exponential log-conductivity covariance (17)
The Fourier transform of py is given by
23217,
21+ k312 4 k312 + k31 2)*

py (k) = (34)

Substituting in (33) integrating over k, and ' and switching to the variables
p1 = kil, p3 = ksl,, R = R/I leads to

B 2R + 1)
= AR T cospinexp (<) rdpidpy dr.(39)

where y = oy71/I> = (*Pe)~! was defined before, in the discussion of transport in
mean uniform flow. Equation (35) can be used in order to evaluate Xz/(c%1%) as
function of R and y. This will be done effectively for the Gaussian covariance below,
while for the exponential one we derive the asymptotic ‘macrodispersion’ coefficients
in §4.4.

(i1) Gaussian log-conductivity covariance (17)
For convenience, we can rewrite (17) as py(x) = py(r)py(x3) = exp [—n (r/2] )

exp [—n (x3/210)
With py (k;) = /21,/n'/? exp (—k312/m), substitution in (33) yields

R
Xr(R) = 1/sz//rr py (' —r )/ Dy (k3) exp (—k3ogr [ —r"|) dks dr’ dr”

1 -
— 1;/ / r'r py(l’ ) 1/2dr/dr//
(1 4+ mogr 2 | —1"))

B aY I? / (R—7)*(2R +7)
1+ m;r)l/2

exp (—mr? /4)dr. (36)

We have represented Xz /(o3 1°) (36) as a function of R = R/I for a few values of
7 = (e?Pe)~! in figure 5 and for comparison X} /(a3 I?) (20) for y = 0. It is seen that
the spreading due to heterogeneity is much smaller in radial flow than in a uniform
one, for the same distance from the source.
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FIGURE 5. Trajectory variance Xy (36) for radial flow as function of mean front location R = Ut for
a few values of y and for Gaussian correlation function (X, is the longitudinal trajectory variance
for mean uniform flow).

4.4. Apparent and equivalent ‘macrodispersivities’

The mean displacement R and its variance X define the motion of an ergodic
plume and its spreading in terms of centroid location and the second spatial moment.
However, to derive the expression for the mean concentration (C(x,t)) with the aid of
(5) one needs the entire p.d.f. f(Xg) of Xg, and not just its mean and variance. Under
the first-order approximation (27) adopted here Xy is normal, since it results from a
linear operator applied to Y. Furthermore, X tends to normality asymptotically under
general conditions, for R >> 1, by virtue of the central limit theorem. Although f(Xg)
has a simple analytical expression, it is of interest, for the purpose of comparison with
transport in homogeneous formations, to write the Focker—Planck equation satisfied
by (C)

o(C) o{(C)

0
e Dl YN~ plapp)
o + U(t) P D (t)

*(C) dR i)
T YT Drr=

1 dXgr
5 di (37)

where Dﬁf”p ) is defined as the apparent macrodispersion coefficient. The reason to adopt
this definition is that (37) can be viewed as describing transport in a mean uniform
velocity field U(t) and with macrodispersion coefficient D%’p” (1) Tt is emphasized that
Dﬁf”p)(t) is non-local in the sense that t stands for the travel time of a marked fluid
particle by the mean velocity field. Asymptotically, for R/I > 1, one can define an
asymptotic constant apparent macrodispersivity ols”” = D" /U. This leads for the
exponential covariance (17), after a quadrature in (35) and for R — o, to

(app) 2 o oo )
xR (V) gy / / YP3

~ on dpdps. 38

I o J_ o) (P%+V2P§)(l +p%+p§)3/2 p1dps (38)

This result is identical to that of Naff (1990) for uniform flow (after one integration)
except for a factor of 1/3 in (38).
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FIGURE 6. Asymptotic apparent macrodispersivity oc(,?p" ! for radial flow as function of y = (¢2Pe)!
for exponential (39) and Gaussian (40) correlations.

Switching to polar coordinates in (38) and integrating over the radial variable yields

") _ 4oy [P0 {1 __e5() ] de (39)
I n Jo 1—62 (1—©2)"*] cos¢
where
arccotanL for @ < 1
5(0) = a-e” op) =30
O+ (0% —1)? cos¢’

n

3 —@_(@2_1)1/2 for ©® > 1,

We have plotted ol¢”” /(631) (39) as function of y in figure 6. The striking result
is that oc(lf’”’) is much smaller than oy (figure 1) for uniform flow, by a factor of 3. In
particular, for Pe > 1, i.e. for y < 1, we get in (39) the simple result «'?”(0)/(631) =
1/3 as compared with «;(0)/(d31) = 1.

In the same vein, the asymptotic apparent macrodispersivity for the Gaussian py
(17) is obtained from (36) as

R0 _ oy /” exp (—mr?/4)
o (1+myr)'?

i 3 (40)

Again, we have represented oz%”’ 2y (621) (40) as function of R in figure 6 and the
result is indistinguishable from the one pertaining to the exponential covariance (39).
It is seen that for small y we again get ocggpp)/(a%I) = 1/3. In the context of field
experiments oc(lfpp ) can be viewed as resulting from the interpretation of a breakthrough
or of spatial mapping of a plume at a time ¢ in which the interpreter assumes that
flow is uniform.

A related, but different coefficient, which we call equivalent macrodispersivity, is
defined as the one pertaining to transport in radial flow in a homogeneous formation,
such that the centroid velocity dR/dt and the rate of change of the second spatial
moment of the plume %dS,,,,/dt are equal to those prevailing in the heterogeneous
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formation. In mathematical terms we seek the solution of

o VO = s {"‘R V) a} V=5
for the initial condition of a pulse, such that (C) has first and second spatial moments
rates of change equal to U (22) and dXg/dt (33), respectively. Unlike mean uniform
flow, it is generally not possible to derive values of Q and oc(,fq)(t) to satisfy these
requirements. This is possible, however, for large R if we adopt the approximate,
boundary layer, solution of (41) derived by Gelhar & Collins (1971). Indeed, by the
nature of this approximation and for the given Q, the velocity of the plume centroid
is equal to U (22). Furthermore, their equation (32) leads to the rate of change of
the second spatial moment %dS,,,, /dt = ag’” /3. The same result is obtained after some
manipulations from the boundary layer solution of (41) of Dagan (1971).

By comparing the latter result with the asymptotic one in the heterogeneous for-
mation (39), (40) we arrive at the simple result that oc(lg’” = qy, 1.e. the asymptotic
equivalent macrodispersivity is equal to the one prevailing in uniform flow. In partic-
ular, for infinite Pe, o\ = ¢2 I. This result is in agreement with the similar one in
Indelman et al. (1996) for the equivalent conductivity in radial flow that tends to the
effective one in mean uniform flow far from the well.

Thus, aﬁi”“ can be viewed as the value of the longitudinal dispersivity to be adopted
in a code that solves the problem of radial transport in a homogeneous formation,
to represent the effect of heterogeneity at a large distance from the well.

(41)

4.5. Analysis of transport for Pe — oo

It is seen in figure 6 that for y < 0.01 one can neglect the transverse mixing (Pe = o0).
This constitutes a classic topic of pure advective transport of an inert tracer. By
taking o7 = 0 in (30) we can express Xy in terms of a single quadrature as

2 R 3
Xgr(R) = 2"YR/O (1 _ 3 + r> P (r)dr (42)

3

to be compared with X; = 263 L fOL(l —x/L) py(x)dx for uniform flow.
One can easily calculate the trajectory variance (42) in particular cases. Thus

— =2 =2 =2
X 2R — 4 —3nR" 4+ 2(mR™ —2 —nR" /4
e _ 2% lerf((nR)1/2/2)+ TR + 2R —2)exp(rR /A g5
1?05 3 TR
for the Gaussian py and
Xr 2R 2 — —
SR 2 1~ ZJ1+R “R)—1 44

for the exponential covariance function, with R = R/I. These two results are compared
with the corresponding ones for uniform flow in figure 7. As we have mentioned before

for finite Pe, the asymptotic longitudinal apparent macrodispersivity is obtained as
1dXg(R 2 (R 3 21
RR) _ i 77 (1 >p';(r)dr == @)
0

@pp) _ 1im = _r

=M TAR AL R

It is seen that for any py of finite horizontal integral scale we get in (45) a‘R“P P

631/3 (R > I) as compared to a; = o3I for uniform flows, as already discussed
above. This is a general result, independent of e and of the shape of py.
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FIGURE 7. Trajectory variance Xy for a well flow (43), (44), for a three-dimensional source (53), (54),
and for a uniform flow, for Gaussian (dotted line) and exponential (full line) covariances (infinite
Pe).

The above simple result, namely oz(,f”’)/(aél ) = 1/3, can be easily extended to
the case of a point source in three dimensions, which may be an approximate
representation of a short, partially penetrating well. We consider flow in a three-
dimensional isotropic medium for which

U=() =2 (46)

4mnr?

and the mean radial trajectory is

306\
R=(X,)=|-—— . 47
)= (32) @)
The trajectory fluctuation X/ (¢) satisfies the equation
dXx; 2X!
ro_ . R) — r 4
= wR)—— (48)
whose solution is given by
, 4mn (R ,
X/ (R) = QR2/0 rVi(r)dr. (49)
The variance of the particle trajectory is obtained now as
16 2,2 R R
X,.(R) = % /0 /0 Yo () dr i, (50)

By a similar approximation, i.e. retaining only the first term in u,. (24) and with
E© = Q/(4nKr?), we get now

202R (R 5r 512 =
Xgr(R) = = 1— =+ — — . 1
(R =28 [0 (1= S+ S — e ) o0 (51)
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The asymptotic longitudinal ‘dispersivity’ oc(lfp P) = limg_.(1/2)dXz/dR becomes
2 R 2 5 2
@p) _ 13 0¥ Sr 2r oyl o
agl? = hm/0 <1_3R2+3RS> p(r)dr—?—?. (52)
The expressions (51) and (52) yield

Xz 4R 5\ 51
=— (1 Perf(R) — == —
%62 ~ 5n K +6R'2>” et (R) = 3r ~ 3k

1 1 1 72 I __ 1/2

for the Gaussian py and

X 2R 5 10 20 2 2\ 10exp(—R

Ko RS 1020, (1424 2 e (ER) (54)
Poy 5 2R 3R R R R R

for the exponential py. Both trajectory variances Xy (53), (54) for a three-dimensional

source are shown in figure 7.

These results are easily generalized for a source in anisotropic media. Thus, for ax-
isymmetric heterogeneity all expressions hold after the substitution I — eI /(e cos® ¢

.o 12 . . .

+sin” @) =~ where ¢ is the angle between the mean trajectory and the plane of isotropy.
The large time limit of ocgf”p)zlimRHw(l/ZU) (dXg/dt) is found in both cases to be

given by ocﬂf”" )/ (621) = 1/5, a further reduction compared to well flow. This large

time limit of o can be written for a space of d dimensions in an unified form as

. a . a 0-2 I . O(L
fim A = i = gy =iy @=D) 59
Note that in (55) d is the dimensionality of the mean flow.

Again, using the definition of oc(,?” of §4.4 and comparing with Gelhar & Collins’s,

(1971) solution for a homogeneous medium leads to the same result, namely that
asymptotically o\s? = o, = o3 1.

5. Summary and discussion

The problem investigated here is that of spreading of a solute plume injected by a
fully penetrating well in a heterogeneous formation and advected by the steady fluid
velocity. In a homogeneous medium such a thin plume propagates by advection as
a cylinder of radius R(t) and spreads around it by the effect of longitudinal pore-
scale dispersion. In the heterogeneous medium the plume spreads around the mean
front r = R due to the fluctuations of the macroscopic velocity that are caused in
turn by the spatial variability of the permeability. For the large Péclet numbers of
interest in applications, the rate of spreading due to heterogeneity is much larger than
the one stemming from longitudinal pore-scale dispersion, which can be neglected
altogether. In contrast, pore-scale dispersion may have an appreciable impact due
to transverse mixing. The spreading of the plume is analysed with the aid of the
second spatial moment S,,, which under ergodic conditions is equal to the trajectory
variance X,,. In field tests (e.g. Molz et al. 1986; Yeh et al. 1995), the detection
of the plume is carried out by piezometers parallel to the well. In the simplest
approach, concentration is averaged over the vertical by measuring it after mixing
in the piezometer. Assuming ergodic conditions, i.e. thickness of formation much
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larger than the vertical correlation scale, the spreading in the breakthrough measured
by such a piezometer and characterized by the second temporal moment is directly
related to X,, (see e.g. Cvetkovic & Dagan 1994 for a similar analysis in uniform flow).
In more elaborate experiments, concentration is measured with the aid of multilevel
samplers at a large number of points along the piezometer. Then the breakthroughs
at different depths may be used in order to determine the statistics of the arrival
times which can be related again to X,,.

After making a few simplifying assumptions, our analysis is based on approximating

X, by Xr which in turn results from the relationships
X! R R

dd[’ =u,(R,0, X43) +Xﬁdzl(Q ), (:Tt = U(R), u,=U(R)Y'(x), (56)
where it should be recalled that U and u, are the radial velocity mean and fluctuation,
respectively, Y’ is the log-conductivity fluctuation and X,; is the trajectory fluctuation
in the vertical direction due to transverse pore-scale dispersion. This approximation is
supposed to apply to formations of anisotropic heterogeneity of, say, e < 0.2, which
is the case for most sedimentary formations, and it leads to the simple expressions
for Xr (35), (36).

It is customary in practice to characterize the heterogeneity-induced dispersion
in mean uniform flow by a macrodispersion coefficient and by a macrodispersivity
that are related to X,, in a similar manner to the definition of Fickian diffusion
coefficients. These coefficients are convenient for comparing dispersion in radial
flow with that prevailing in mean uniform flow or with pore-scale dispersion in
a homogeneous medium. The definition of macrodispersivity in transport by mean
non-uniform flow is not straightforward. We define two asymptotic, far from the well,
longitudinal macrodispersivities: the apparent ocﬂf”" ) and the equivalent aﬁi‘” ones. The
first characterizes the rate of change of the second spatial moment in a manner similar
to the uniform flow case. The equivalent macrodispersivity replaces the longitudinal
pore-scale dispersivity in radial flow in a homogeneous medium, such as to match the
rate of spreading in the heterogeneous medium.

Our main finding is that the asymptotic, for large R/I, apparent macrodispersivity
in radial well flow is constant and smaller than that in mean uniform flow (see figures 1
and 6) by a factor of 3 for well flow and by a factor of 5 for source flow. This important
finding has the following kinematical interpretation. The asymptotic dispersivity is
simply related to the Lagrangian macroscale, which in turn is a measure of the time for
which the velocities of two particles are correlated. Roughly speaking, the velocities
of two particles injected at a time interval T at the source become uncorrelated if T is
larger than the time required for a particle to move over a heterogeneity integral scale
I at the mean velocity U. While U is constant in uniform flow, it is large near the
source and drops quickly with distance for radial flow, and the net effect is a reduction
of the Lagrangian macroscale and even of the macrodispersivity, which is obtained
by multiplication with U at time T. A similar effect is observed for homogeneous
media and for a longitudinal pore-scale dispersion coefficient that is proportional to
the fluid velocity (Gelhar & Collins 1971). The explanation there is that the time
spent in the high-velocity zone adjacent to the well is a small part of the total travel
time.

In contrast, the equivalent macrodispersivity in radial flow is equal to that in mean
uniform flow far from the well. This finding, in agreement with the similar one for
the equivalent permeability, stems from the slow spatial variation of the velocity field
far from the well.
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Appendix A. Derivation of X, for radial flow in a medium of Gaussian
log-conductivity correlation

In order to assess the accuracy of approximation of §4.3, we evaluate here the
complete expression of X, for infinite Pe.

The oy-order head field is given by the solution of (8)

HO(x) = —/Ef.°< /) P Gy av (A1)
where G = 1/[4n|x — X'[].

The main difficulty in evaluating u,. (24) stems from the covariances in the last
three terms of (24). They can be written as follows by using (23), (A 1):

CE Y(r/’r//) — O‘%/ ///E’(,O)(r) apY(X—V ll) aG(V 1] _x) dx, (A2)
' or or'
CE’,E’, (r/’ r//)
0*py(x —y) 0G(r'i; — x) 0G(r"i, — y)
= 0y E®(x,) EO(y,) == dxd
Oy ////// r (X) r (y) axrayr or' or" xday,
(A3)
where i; is the unit vector along the axis x;, x, = (x3 + x3)/? and similarly

for y,.

As mentioned before, in the case of uniform flow, closed-form analytical expressions
could be obtained for the similar terms of uy; (14) for exponential or Gaussian
isotropic py, whereas one quadrature is needed to evaluate them for axisymmetric
anisotropy. In contrast, no integration could be performed analytically in (A 2),
(A 3) and this underscores the complexity of radial flow, the simplifying assumptions
enumerated above notwithstanding.

We start with the correlations Cg,y (A2) and Cg,g (A 3) involved in the velocity
covariance (24). Introducing cylindric variables one gets

~// UYQ &
Cr,y(F,7") = rc3/2KGI/ / / exp (—r? +2rF" cos 0 — F* — 2% 7?)

(r — 7" cos0)(F —rcos0)
(72 — 2ri' cos 0 + r? + z2)3/2

2 N2 2n 2n 0 0 o0 o0
~// UYQ / 2 =2
= = A _ — _
CElEl( ) 128W3Ké12 A /(; /0 /0 /_w /;CO (2.4 [ g (Z z ) e ]

o (# —7 cos0)F — 7" cos )

(&2 + 220 +22)]

drdfdz, (A4)

do'do"dr'dr’dz'dz",  (AS)
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A=2F —7"cos(0 —0") (7" —7 cos(0 — 0")) + cos(0/ —0"),
E =72 472 —2FF cos(0 —0"),
n? =72 +7% =277 cos(0 —0"),
{=F247"7 —2FF"cos(0 — 0"),

where # = n'/?¢'/2I and ¥ = =n'/%"/2I.
Substituting (A 4) and (AS5) into (24) and the result in (29) yields X,. = Xg +
XEY + XEE where Xy is given by (42) and

403 1°
m2R”2

s [ [

xF(#,R,0, 2 F(F,R,0",z")d0'd0"dF dF'dz'dz", (A7)

X}E’.Y(R,) —

0 2n 0
/ / / exp(—z’e2)¥(r,R,0)F(r,R,0,z)drd0dz, (A6)
0 0 —0

¥ (r,R,0) = 1 [(Rcos 0 — rsin® 0) exp (—R? + 2rR cos 0 — r*) 4 r sin” 0 exp (—1?)]
+1n!/2(2r?sin” 0 — 1) cos O [ erf (R —rcos 0)
+erf (r cos 0)] exp (—r? sin® ),
F(r,R,0,z) = F(r,R,0,z) — F(r,0,0, z),
F(r,R,0,z) = 2N +2rcosfOIn[R —rcosf + N] —
= (R?>—=2rRcos 0 + 1> + z%)'/2,

R2
ﬁa

with R’ = n'/2R/2I.

Similarly to the uniform flow, the covariances (A 2), (A3) are O(e) and can be
expanded in a power series for small e. The leading-order term can be obtained
directly by approximating py as

py(x) =2 pyu(r)0(x3/1,), pyn(r) = py(r,0,0), (A8)

i.e. replacing the vertical autocorrelation by a ‘white noise’ approximation. As a result,
the number of integrations in (A 2), (A 3) is reduced by one. This approximation was
employed by Fiori et al. (1998) to investigate the variation of u,. along the radial
and vertical directions. Thus for highly anisotropic media (small e) substituting (A 8)
simplifies (A 6) and (A7) to

dec? I?
m3/2R"2

st =SS [ aewi

xF(7,R,0,z)F(F,R,0",z)d0'd0"dFdF'dz. (A 10)

0 2n
Xﬁ"Y(R) = / / ¥(r,R,0)F(r,R,0,0)dr do, (A9)
0 0

These expressions were used in order to compute X,, and depict the curves of figure
4 that served the discussion in the main text.



180 P. Indelman and G. Dagan

Appendix B. Spatial moments of a finite plume

In the main text we have derived the radial spatial moment of a thin plume. The
extension of the results for a plume of finite initial thickness is straightforward and
is given here. Thus the transport initial condition is now

C=Cy for t=0 and x eV,

where V) is a cylinder of radius ry surrounding the well.

The solute mass, which is preserved, is given by M = f nC dx = nri L;nC,y whereas
the second spatial moment is defined by the general relationship (7). In the present
case it becomes

000 = (5.0) = = [ [(X)* = 87 + (X} ada,
0

Recall that (X,(t;a)) = a+ for U(t')dt’ and the centroid coordinate in the present
case is given by S, = 2R*/3/r3[(1 + r3/R?)** — 1], while R = (X,(t;0)) = (Qt/nn)"/2.
Let S,, = S + S where

ro 2
$W=i/fwM—MMw=ﬁ+“—m
rO 0 2

is the contribution to the spatial moment due to the non-uniformity of the mean flow.
In contrast

2 [
SW=ﬂ/<me=xm
0 J0

is entirely due to the formation heterogeneity. One can define an asymptotic dispersion
coefficient by o, = lim,_,,(1/2U) dS,./dt which will be equal to the one derived in the
main text for a thin plume, stemming from heterogeneity and pore-scale dispersion,
and an apparent one related to the stretching effect of the mean flow. Thus

_1ds,  1dsgm  1dsg

= — — — n(hm) (ht)
Dr, 2.dt 2 dt 2 dt D™ + Dy,

where

(hm) 4 2\ 3/2 2\ 1/2
p = L4 TAR Q[ ARD G CRAYT al(14 ) o
2 drR dt 2mn 3rg g R?

so that for small ro/R

4
(my — __To dR

" 48R3 dt
The trajectory fluctuation is given by (29) after replacing the integral limits from a

to R, 1.€.
o) 2 X, X,
er(R; a) = ( Q’; ) /a /a (r/r//)zurr(r/’ 7‘”) drdr”

where X, = (R* + az)l/z. For ro/R — 0 we see that X,, tends to X, (29) of the main
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paper. The radial dispersion is given now by

2 ro 2 2 Xr Xr
D!"(R;a) = = / <1m> / 'r"Vun(r', ") a dr'dr”da
0 QXr a a

o

and for our approximation, u,.(',r") ~ U(r\U(r")o% py (r' — "), it tends to Uay (45)
for t — oo and at the same limit ry/R — 0.

It is seen that the apparent dispersive effect associated with the mean flow stretching
is very small compared with that resulting from heterogeneity. Hence, the results
obtained in the main text for a thin plume can be adopted for a finite one as well.
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